Generalizations of classical results on Jeśmanowiczʼ conjecture concerning Pythagorean triples  by Miyazaki, Takafumi
Journal of Number Theory 133 (2013) 583–595Contents lists available at SciVerse ScienceDirect
Journal of Number Theory
www.elsevier.com/locate/jnt
Generalizations of classical results on Jes´manowicz’
conjecture concerning Pythagorean triples
Takafumi Miyazaki
Department of Mathematics and Information Sciences, Tokyo Metropolitan University, 1-1, Minami-Ohsawa, Hachioji, Tokyo 192-0397,
Japan
a r t i c l e i n f o a b s t r a c t
Article history:
Received 17 January 2012
Revised 4 August 2012
Accepted 4 August 2012
Available online 23 October 2012
Communicated by David Goss
MSC:
primary 11D61
secondary 11D41, 11J86
Keywords:
Exponential Diophantine equations
Pythagorean triples
Jes´manowicz’ conjecture
In 1956 L. Jes´manowicz conjectured, for any primitive Pythagorean
triple (a,b, c) satisfying a2 +b2 = c2, that the equation ax +by = cz
has the unique solution (x, y, z) = (2,2,2) in positive integers x, y
and z. This is a famous unsolved problem on Pythagorean numbers.
In this paper we broadly extend many of classical well-known
results on the conjecture. As a corollary we can verify that the
conjecture is true if a − b = ±1.
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1. Introduction
Let N = {1,2,3, . . .} be the set of positive integers. For positive integers a, b, c, we call (a,b, c)
a Pythagorean triple if a2 + b2 = c2, and further primitive if a, b, c are relatively prime. We know that
Pythagorean triples appear in many mathematical subjects, especially Diophantine equations.
Let a, b, c be pair-wise relatively prime positive integers. Then we consider the exponential Dio-
phantine equation
ax + by = cz (1.1)
where x, y, z ∈N. This ﬁeld has a long history. Originally, this problem was considered for ﬁxed triples
(a,b, c). Using elementary congruences, the quadratic reciprocity law and factorizations in number
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example [Ha,Mak,Na,Uc]). We consider the case where a,b, c > 1. By the theory of Diophantine ap-
proximations, we can examine the solutions of (1.1). By Baker’s theory of linear forms in logarithms,
we can obtain effectively computable upper bounds for the size of solutions of (1.1), which may be
generally very large (see for example [Hi]). Eq. (1.1) can be regarded as a kind of unit equation, and its
theory gives upper bounds for the number of solutions of (1.1). In particular, using a result in [BS], one
can conclude that the number of solutions of (1.1) is at most 236. In case where divisibility properties
of x, y, z are given, we may connect (1.1) to other Diophantine equations, in particular, generalized
Fermat equations (cf. [Co, Ch. 14]).
Almost all of the recent works concern various families of triples (a,b, c), for example, Pythagorean
triples (cf. [DC,Le,Miy,Miy2]), consecutive integers (cf. [HT]) and prime numbers (cf. [Sc]). In 1956
Jes´manowicz [Je] proposed the following problem.
Conjecture 1. Let (a,b, c) be a primitive Pythagorean triple such that a2 + b2 = c2 . Then (1.1) has the unique
solution (x, y, z) = (2,2,2).
This is a famous unsolved problem on Pythagorean numbers, also in the ﬁeld of exponential Dio-
phantine equations. Sierpin´ski [Si] considered (1.1) for (a,b, c) = (3,4,5), that is,
3x + 4y = 5z.
He proved that the above equation has the unique solution (x, y, z) = (2,2,2) in positive integers x,
y and z. Later, Jes´manowicz [Je] further showed similar results for each of the following equations:
5x + 12y = 13z, 7x + 24y = 25z, 9x + 40y = 41z, 11x + 60y = 61z,
and he proposed his conjecture.
It is well-known that, for any primitive Pythagorean triple (a,b, c) satisfying a2 + b2 = c2 (we may
assume that b is even), we can write
a =m2 − n2, b = 2mn, c =m2 + n2,
where m and n are relatively prime positive integers of different parities with m > n. We will always
consider the above expressions.
After the work of Jes´manowicz, Lu [Lu] ﬁrst veriﬁed that Conjecture 1 is true for inﬁnite number
of triples.
Proposition 1. If n = 1, then Conjecture 1 is true.
We remark that m may be any positive even integer in the case of n = 1. Later, extending earlier
results, Dem’janenko [De] proved the following result.
Proposition 2. If c = b + 1, then Conjecture 1 is true.
We remark that c = b + 1 if and only if m = n + 1. Propositions 1 and 2 include the results of
Sierpin´ski and Jes´manowicz. Also they are crucially important since they are used in many earlier
works. Le [Le] extended Proposition 2 by using Baker’s theory of linear forms in two logarithms. Hu
and Yuan [HY] gave a new proof of Proposition 2. For other known results, see for example [DC,Miy,
Miy2].
In this paper we broadly generalize both Propositions 1 and 2 by proving the following results.
Theorem 1. If a ≡ ±1 (mod b), then Conjecture 1 is true.
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Both Theorems 1 and 2 are generalizations of Proposition 1. Indeed, if n = 1, then m is even and
b = 2m, so a =m2 − 1 ≡ −1 (mod b) and c =m2 + 1 ≡ 1 (mod b). Theorem 2 is also a generalization
of Proposition 2.
From Theorem 1 we obtain the following corollary, which can be regarded as an analogue of
Proposition 2.
Corollary 1. If a − b = ±1, then Conjecture 1 is true.
In the next section we prepare some preliminary lemmas for the proofs of Theorems 1 and 2. It
is crucially important to know the parities of exponential variables x, y, z for Conjecture 1. Using the
parameters introduced by the author in [Miy], we give useful lemmas to examine the parities of x
and z. Further we quote a classical well-known result on Diophantine equations due to Euler.
In the remaining sections we prove Theorems 1 and 2. An important step in the proofs is to show
that x, y, z are all even. We observe that this yields sharp upper bounds for x, y, z. On the other
hand, by congruence reductions, we can obtain congruence relations among the solutions, which yield
sharp lower bounds for hypothetical solutions. Finally we observe that hypothetical solutions lead to
contradictions, and complete the proofs.
Usually, in solving exponential Diophantine equations, one should use the theory of linear forms in
(two) logarithms (see for example [La,Mi]). They may give sharp upper bounds for solutions (cf. [Be,
CM,Le,Te]). We remark that the proofs of our results do not depend on Baker’s theory of linear forms
in the logarithms. Although one can prove our results by the theory, such methods will lead to hard
computations.
In what follows, we consider the equation
(
m2 − n2)x + (2mn)y = (m2 + n2)z (1.2)
where x, y, z ∈N.
2. Preliminaries
In this section we prepare some lemmas for the proofs of Theorems 1 and 2. First we give lemmas
to examine the parities of exponential variables x and z. It is crucially important to know the parities
of x, y, z for Conjecture 1.
The following notation have already been deﬁned by the author in [Miy]. Since m ≡ n (mod 2),
we can write n ≡ e (mod 4) if m is even, and m ≡ e (mod 4) if m is odd, where e ∈ {1,−1}. By
Proposition 1, we may assume that n > 1. Then we can deﬁne integers α, β (α  1, β  2), and
positive odd integers i, j as follows:
m = 2α i, n = 2β j + e ifm is even,
m = 2β j + e, n = 2α i ifm is odd. (2.1)
In what follows, we consider the case where 2α = β + 1. The following two lemmas will be used
to determine parities of exponential variables. In particular, Lemma 2.1 will play an important role in
the proofs. For a non-zero integer k, we denote ord2(k) by the exact power of 2 in k.
Lemma 2.1.We assume that 2α = β + 1. Let (x, y, z) be a solution of (1.2). If y > 1, then x ≡ z (mod 2).
Proof. This is a direct consequence of [Miy, Lemma 3.1]. But, for the sake of completeness, we prove
this lemma here.
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m = 2α i and n = 2β j + e. Let (x, y, z) be a solution of (1.2). It is easy to see that x is even by taking
(1.2) modulo 4. Suppose that x ≡ z (mod 2), that is, z is odd. Taking (1.2) modulo 22α+1, we have
(2mn)y = (m2 + n2)z − (m2 − n2)x
≡m2n2z−2z + n2z +m2n2x−2x− n2x
≡m2(n2z−2z + n2x−2x)+ n2z − n2x (mod 22α+1).
Put
A =m2(n2z−2z + n2x−2x), B = n2z − n2x.
Then
(2mn)y ≡ A + B (mod 22α+1).
Since n is odd and x ≡ z (mod 2), we see that n2z−2z + n2x−2x is odd, hence
ord2(A) = ord2
(
m2
)= ord2(22α i2)= 2α,
ord2(B) = ord2
(
n2|x−z| − 1)
= ord2
(
n2 − 1)
= ord2
(
22β j2 + 2β+1ej)
= ord2
(
2β+1 j
)
= β + 1.
Since ord2((2mn)y) = (α + 1)y and 2α = β + 1, it follows that
(α + 1)y =
{
2α if 2α < β + 1,
β + 1 if 2α > β + 1.
This implies that α = 1 and y = 1, or α = β and y = 1. Therefore, if y > 1, then x ≡ z (mod 2).
Similarly, we can prove the lemma for the case where m is odd. 
Lemma 2.2. We assume that 2α = β + 1. Let (x, y, z) be a solution of (1.2). If x and z are even, then X ≡
Z (mod 2), where X = x/2 and Z = z/2.
Proof. Assume that x and z are even. We can write x = 2X and z = 2Z , where X, Z ∈ N. We deﬁne
positive even integers D and E by
D = (m2 + n2)Z + (m2 − n2)X , E = (m2 + n2)Z − (m2 − n2)X .
Then (2mn)y = DE by (1.2). Since
(2mn)y  D >m2 + n2 > 2mn,
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we see that the congruence
(
m2 + n2)X ± (m2 − n2)Z ≡ 0 (mod 2(α+1)y−1)
holds for the proper sign.
First, we consider the case where 2α > β + 1. Then, since (α + 1)y − 1 > 2α  β + 2, the above
congruence can be reduced to (m2 +n2)X ± (m2 −n2)Z ≡ 0 (mod 2β+2). Substituting α, β expression
in (2.1) into this congruence, we ﬁnd that 2β+1ejX ≡ ±2β+1ej Z (mod 2β+2). This implies that X ≡
Z (mod 2) since ej is odd.
Finally, we consider the case where 2α < β + 1. Then, since (α + 1)y − 1  2α + 1 and β + 1 
2α + 1, it follows from the above congruence that 22α i2X ≡ ±22α i2 Z (mod 22α+1). This implies that
X ≡ Z (mod 2) since i is odd. 
The following is a classical well-known result due to Euler [Eu]. It is an analogue of the case n = 3
for Fermat’s last theorem, and will be used in the proof of Theorem 1.
Lemma 2.3. The equation
X3 + Y 3 = 2Z3
has no integral solutions with gcd(X, Y ) = 1 and XY Z /∈ {0,±1}.
Proof. For example, see [Na2, pp. 244–246], [Wa]. 
3. The case a ≡ −1 (mod b)
In this section we prove that Conjecture 1 is true if a ≡ −1 (mod b).
Assume that a ≡ −1 (mod b), or
m2 − n2 = −1+ 2mnt, (3.1)
where t ∈N. Then
m2 ≡ −1 (mod n), (3.2)
n2 ≡ 1 (modm). (3.3)
By Proposition 1, we may assume that n > 1. First, we prove an important lemma.
Lemma 3.1.With the notation in (2.1), the following (i), (ii) and (iii) hold.
(i) n 4t.
(ii) m is divisible by 2t. In particular, m is even and n is odd.
(iii) 2α = β + 1.
Proof. From (3.1) we see that (U , V ) = (m − nt,n) is a positive solution of the Pellian equation
U2 − (t2 + 1)V 2 = −1.
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given by m = Ul + tVl , n = Vl , where positive integers Ul , Vl are deﬁned by
Ul + Vl
√
t2 + 1 = (t +√t2 + 1 )l; l 1 odd.
(i) Since Vl = n > 1, we see that l 3, hence n = Vl  V3 = 4t2 + 1.
(ii) This follows from the facts that U1 + tV1 = 2t and
Ul+2 =
(
2t2 + 1)Ul + 2t(t2 + 1)Vl ≡ Ul (mod 2t),
Vl+2 = 2tUl +
(
2t2 + 1)Vl ≡ Vl (mod 2t).
(iii) As deﬁned in (2.1), we put m = 2α i and n = 2β j + e. We know from (ii) that 2α i is divisible
by 2t , in particular, ord2(2t) α since i is odd. It follows from (3.1) that
β + 1 = ord2
(
(n − 1)(n + 1))= ord2(m(m − 2nt))= α + ord2(m − 2nt).
Hence it suﬃces to check that ord2(m − 2nt) = α. If ord2(2t) < α, then ord2(2nt) < α, so ord2(m −
2nt) = ord2(2nt) < α. If ord2(2t) = α, then ord2(m − 2nt) = α + ord2(i − n(2t/2α)) > α. Therefore,
2α = β + 1. 
By (i) in Lemma 3.1, we see that m > n 3.
Let (x, y, z) be a solution of (1.2). We prepare several lemmas.
Lemma 3.2. x and z are even.
Proof. Taking (1.2) modulo m, we have (−n2)x ≡ (n2)z (mod m). Then (3.3) yields (−1)x ≡ 1 (mod m).
Hence x is even since m 3.
Taking (1.2) modulo n, we have (m2)x ≡ (m2)z (mod n). Then (3.2) yields (−1)z ≡ 1 (mod n), hence
z is also even since n 3. 
By Lemma 3.2, we can write x = 2X and z = 2Z , where X, Z ∈N. Note that y > 1 as we observed
in the proof of Lemma 2.2.
Lemma 3.3. 4t X ≡ 4t Z (modmn).
Proof. We see from (3.1) that n2 ≡ 1− 2mnt (mod m2). Hence we observe that
(
m2 − n2)2X ≡ (1− 2mnt)2X ≡ 1− 4mntX (modm2),
(
m2 + n2)2Z ≡ (1− 2mnt)2Z ≡ 1− 4mnt Z (modm2).
Since y > 1, it follows from (1.2) that
4mntX ≡ 4mnt Z (modm2).
Similarly, taking (1.2) modulo n2, we may show that
4mntX ≡ 4mnt Z (mod n2).
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4mntX ≡ 4mnt Z (modm2n2),
so 4t X ≡ 4t Z (mod mn). 
We deﬁne positive even integers D and E as follows:
(2mn)y = DE, (3.4)
where
D = (m2 + n2)Z + (m2 − n2)X ,
E = (m2 + n2)Z − (m2 − n2)X .
It is easy to see that gcd(D, E) = 2, and
D ≡ 1+ (−1)X , E ≡ 1− (−1)X (mod 4).
From (3.2) and (3.3) we see that
D ≡ 1+ (−1)X , E ≡ 1− (−1)X (modm),
D ≡ (−1)Z + (−1)X , E ≡ (−1)Z − (−1)X (mod n).
Lemma 3.4. X and Z are odd.
Proof. By Lemma 2.2 and (iii) in Lemma 3.1, we see that X ≡ Z (mod 2). Suppose that X and Z are
even. Then
D ≡ 2 (mod 4), D ≡ 2 (modmn).
Then (3.4) yields D = 2, which is clearly absurd. We conclude that X and Z are odd. 
By Lemma 3.4, we see that
E ≡ 2 (mod 4), E ≡ 2 (modm), D ≡ −2 (mod n).
It follows from (3.4) that
D = (m2 + n2)Z + (m2 − n2)X = 2y−1my,
E = (m2 + n2)Z − (m2 − n2)X = 2ny .
Lemma 3.5. y is even.
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ny ≡ 1 (modm)
by (3.3). If y is odd, then the above congruence yields n ≡ 1 (mod m) by (3.3). This is absurd since
m > n > 1. Hence y is even. 
By Lemma 3.5, we can write y = 2Y , where Y ∈ N. Since {aX ,bY , cZ } forms a primitive
Pythagorean triple, we can write
aX = k2 − l2, bY = 2kl, cZ = k2 + l2,
where integers k, l satisfy the condition
k > l > 0, gcd(k, l) = 1, k ≡ l (mod 2).
Since b < c < a2 and aX < cZ < b2Y , it follows that
|X − Z | < Z < 2Y .
Since (k + l)(k − l) = aX and gcd(k + l,k − l) = 1, we can write
k + l = uX , k − l = v X ,
where integers u, v satisfy the condition
u > v > 0, gcd(u, v) = 1, uv = a.
Note that u, v are odd.
We will obtain a sharp upper bound for Y .
Lemma 3.6.We have
Y  log(a + 1)
ord2(b) log2
.
Proof. Since X is odd and 4kl = (k + l)2 − (k − l)2 = u2X − v2X , it follows that
Yord2(b) = ord2(2kl) = ord2
(
u2X − v2X
2
)
= ord2(u ± v),
where we take the proper sign for which ord2(u ± v) 2. Since
u ± v  u + v  uv + 1 = a + 1,
we obtain
Y = ord2(u ± v)  log(a + 1) . 
ord2(b) ord2(b) log2
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in Lemma 3.1, Lemma 3.3 and Lemma 3.6 yield
mm
(
n
4t
)
= mn
4t
 |X − Z | < Z < 2Y  log(a + 1)
log2
<
2 logm
log2
,
which does not hold. Hence X = Z .
Since X is odd and b2Y = c2X − a2X , it follows that
ord2
(
b2Y
)= ord2(c2X − a2X)= ord2(c2 − a2)= ord2(b2),
which gives that Y = 1, so X = Z = 1. We conclude that Conjecture 1 is true if a ≡ −1 (mod b).
Example 3.1. As we observed in the proof of Lemma 3.1, we can obtain all of the pairs (m,n) sat-
isfying (3.1). For example, putting l = 1, we have pairs (m,n) = (2t,1) with t  1, which is just
Proposition 1. Putting l = 3, we have pairs (m,n) = (8t3 + 4t,4t2 + 1) with t  1.
4. The case a ≡ 1 (mod b)
In this section we prove that Conjecture 1 is true if a ≡ 1 (mod b). The proof will proceed as well
as the preceding section.
Assume that a ≡ 1 (mod b), or
m2 − n2 = 1+ 2mnt, (4.1)
where t ∈N. Then
m2 ≡ 1 (mod n), (4.2)
n2 ≡ −1 (modm). (4.3)
Lemma 4.1.With the notation in (2.1), the following (i) and (ii) hold.
(i) n is divisible by 2t. In particular, m is odd and n is even.
(ii) 2α = β + 1.
Proof. From (4.1) we see that (U , V ) = (m − nt,n) is a positive solution of the Pellian equation
U2 − (t2 + 1)V 2 = 1.
Since the fundamental solution of the above Pellian equation is 2t2 + 1 + 2t√t2 + 1, all of the pairs
(m,n) are given by m = Ul + tVl , n = Vl , where positive integers Ul , Vl are deﬁned by
Ul + Vl
√
t2 + 1 = (2t2 + 1+ 2t√t2 + 1)l; l 1.
(i) This easily follows from the above.
(ii) Similar to Lemma 3.1. 
By (i) in Lemma 4.1, we see that m > n 2.
Let (x, y, z) be a solution of (1.2). We prepare several lemmas.
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Proof. Taking (1.2) modulo m, we have (−n2)x ≡ (n2)z (mod m). Then (4.3) yields (−1)z ≡ 1 (mod m).
Hence z is even since m > n 2. 
By Lemma 4.2, we can write z = 2Z , where Z ∈ N. From Lemma 2.1 and (ii) in Lemma 4.1 we
observe that x is even if y > 1.
Lemma 4.3. x is even and y > 1.
Proof. Suppose that y = 1. We will observe that this leads to a contradiction. Note that x is odd. We
see from (4.1) that m2 ≡ 1+ 2mnt (mod n2). Hence we observe that
(
m2 − n2)x ≡ (1+ 2mnt)x ≡ 1+ 2mntx (mod n2),
(
m2 + n2)2Z ≡ (1+ 2mnt)2Z ≡ 1+ 4mnt Z (mod n2).
Since gcd(m,n) = 1, it follows from (1.2) that
2tx+ 2 ≡ 4t Z (mod n).
Then (i) in Lemma 4.1 yields 2 ≡ 0 (mod 2t), hence t = 1. Then a = b + 1 by (4.1), so ax + a − 1 =
(2a2 − 2a + 1)Z by (1.2). Taking this modulo a, we have 2 ≡ 0 (mod a), which is clearly absurd. 
By Lemma 4.3, we can write x = 2X , where X ∈ N. We deﬁne D , E as in the preceding section.
Similarly to the proof of Lemma 3.4, we may show that X , Z are odd and 4t X ≡ 4t Z (mod mn). From
(i) in Lemma 4.1 we see that 2X ≡ 2Z (mod m). Hence
X ≡ Z (mod 2m),
since m is odd and X − Z is even. Furthermore, since
D ≡ 2 (mod 4), D ≡ 2 (mod n), E ≡ −2 (modm),
it follows that
D = (m2 + n2)Z + (m2 − n2)X = 2my,
E = (m2 + n2)Z − (m2 − n2)X = 2y−1ny . (4.4)
Then (m2 + n2)Z = (D + E)/2 =my + 2y−2ny . Taking this modulo n, we have
my ≡ 1 (mod n)
by (4.2).
Using a classical well-known result due to Euler (Lemma 2.3), we will show that y is even. For
this we need a slightly complicated argument.
Lemma 4.4. y is even.
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by (4.2). We can write m = 1+ hn, where h ∈N. Substituting this into (4.1), we have
np = 2(h − t),
where p = −h2+2th+1. Note that p = 0 and h = t . From (ii) in Lemma 4.1 we see that h ≡ 0 (mod t).
In particular, h 2t . Then np = 2(h− t) > 0, so 0 < p = −h(h−2t)+1. This implies that h = 2t . Hence
p = 1, n = 2t , m = 1+ n2.
We consider the cases n ≡ 0 (mod 3) and n ≡ 0 (mod 3) separately.
First, we consider the case where n ≡ 0 (mod 3). Since n2 ≡ 1 (mod 3), we see that m ≡ 2 (mod 3)
and m2−n2 ≡ 0 (mod 3). Taking the ﬁrst equation in (4.4) modulo 3, we have 2Z ≡ 2y+1 ≡ 1 (mod 3).
This implies that Z is even, which is absurd.
Finally, we consider the case where n ≡ 0 (mod 3). Since m = 1+ n2, it follows from (4.4) that
(
1+ n2)y + 2y−2ny = (1+ 3n2 + n4)Z ,
(
1+ n2)y − 2y−2ny = (1+ n2 + n4)X .
Note that y > 2. Taking the above equations modulo 3n2, we have (1 + n2)X ≡ (1 + n2)y ≡
1 (mod 3n2). This implies that X ≡ y ≡ 0 (mod 3). But, the second equation above can be rewrit-
ten as
(
1+ n2)y + (−1− n2 − n4)X = 2(2y/3−1ny/3)3,
which contradicts Lemma 2.3. We conclude that y is even. 
By Lemma 4.4, we can write y = 2Y , where Y ∈N. Similarly to the proof of the preceding section,
we may obtain the same upper bound for Y as obtained in Lemma 3.6. As a result, we see that if
X = Z , then
2m |X − Z | < 2Y  log(a + 1)
log2
<
2 logm
log2
,
which does not hold. Hence X = Z . This leads to the desired conclusion as we observed in the pre-
ceding section. We conclude that Conjecture 1 is true if a ≡ 1 (mod b), and complete the proof of
Theorem 1.
Example 4.1. As we observed in the proof of Lemma 4.1, we can obtain all of the pairs (m,n) satis-
fying (4.1). For example, putting l = 1, we have pairs (m,n) = (4t2 + 1,2t) with t  1, so m = n2 + 1
with even n.
Remark 4.1. For Pythagorean triples (a,b, c) satisfying a2 + b2 = c2 and a − b = ±1, we can ﬁnd a
topic on them in Section “Right Triangles Whose Legs Differ by Unity” in the famous book of Dickson
“History of the Theory of Numbers, vol. 2”, Chelsea (see [Di, pp. 181–183]). Some histories are written
in it. For example, Fermat gave an easy method to ﬁnd such triples.
5. Proof of Theorem 2
In this ﬁnal section we prove Theorem 2. The proof will proceed in a manner similar to the proof
of Theorem 1.
594 T. Miyazaki / Journal of Number Theory 133 (2013) 583–595Assume that c ≡ 1 (mod b), or
m2 + n2 = 1+ 2mnt, (5.1)
where t ∈N. Then
m2 ≡ 1 (mod n), n2 ≡ 1 (modm).
By Propositions 1 and 2, we may assume that n > 1 and t > 1.
From (5.1) we see that (U , V ) = (m − nt,n) is a positive solution of the Pellian equation
U2 − (t2 − 1)V 2 = 1.
Since the fundamental solution of the above Pellian equation is t + √t2 − 1, all of the pairs (m,n)
satisfying (5.1) are given by m = Ul + tVl , n = Vl , where positive integers Ul , Vl are deﬁned by
Ul + Vl
√
t2 − 1 = (t +√t2 − 1 )l; l 1.
From this we may show the following lemma.
Lemma 5.1. The following (i) and (ii) hold.
(i) If l is odd, then the same conditions in Lemma 3.1 hold.
(ii) If l is even, then the same conditions in Lemma 4.1 hold.
Let (x, y, z) be a solution of (1.2). As we observed in the proof of Lemma 3.2, we may show that
x is even. Similarly to the proof of Lemma 4.3, we observe that if y = 1 then t = 1, which is absurd.
Hence y > 1, so z is even by Lemmas 2.1 and 5.1. In the case where l is even, we may show that y is
also even as we observed in Lemma 3.5.
Next, we will show that y is even in the case where l is even as follows. Suppose that y is odd. As
we observed in Lemma 4.4, this leads to the existence of a positive integer h satisfying m = 1 + hn.
Substituting this into (5.1), we have
np = 2(t − h),
where p = h2 − 2th + 1. Then p = 0 (since t > 1) and h = t . From (ii) in Lemma 5.1 we know that n
is divisible by 2t , so h is divisible by t . In particular, h  2t . Then p = h(h − 2t) + 1 > 0, so t − h =
(np)/2 > 0, which is clearly absurd. We conclude that y is even.
Therefore, x, y, z are all even. Similarly to the preceding sections, we can complete the remaining
parts of the proof of Theorem 2.
Example 5.1. Let t be a positive integer with t > 1. As we observed at the ﬁrst of this section, we can
obtain all of the pairs (m,n) satisfying (5.1). For example, putting l = 1, we have pairs (m,n) = (2t,1),
which is just Proposition 1 (t = 1 corresponds to (a,b, c) = (3,4,5)). Putting l = 2, we have pairs
(m,n) = (4t2 − 1,2t), so m = n2 − 1 with even n 2 (t = 1 corresponds to (a,b, c) = (5,12,13)).
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